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Constraint Violation Stabilization Using Input-Output
Feedback Linearization in Multibody Dynamic Analysis

J. C. Chiou*and S. D. Wu'
National Chiao Tung University, Hsinchu 30039, Taiwan, Republic of China

A constraint violation stabilization technique for solving differential algebraic equations (DAE) of multibody
dynamic systems is presented. The technique, based on the input-output feedback linearization, is employed to
transform the nonlinear DAE into a set of linear equations. On reaching the input-output linear relationship with
proven stable zero dynamics, a robust control design is adopted to construct constraint forces that can be used to
effectively correct the errors accumulated in the constraint equations during the process of time integration. In
the present development, if the pole placement method is used in control design of the resulting linear differential
equations, constraint forces based on Baumgarte’s constraint violation stabilization technique are recovered. On
the other hand, if variable structure control design is adopted, a new method in calculating constraint forces is
obtained. Two numerical examples are used to demonstrate the effectiveness of stabilizing the constraint violation

by using the proposed technique.

I. Introduction

OMPUTER simulation of multibody dynamic systems is be-

coming increasingly important for its capability to design and
analyze engineering problems such as robotic arm manipulators,
ground vehicles, and spacecraft. In general, the dynamic equations
of multibody dynamic (MBD) systems can be derived and expressed
in various forms depending on the choice of reference frames or
coordinate systems used to describe the bodies. As a result, sev-
eral MBD formulations, which differ primarily in their incorpora-
tion of constraints and their resulting system topologies, have been
developed.'=3 Hence, the efficiency and the reliability of these for-
mulations have been strongly affected by the computational tech-
niques employed to solve the governing equations of motion, as
well as the accurate treatment of a large number of holonomic and
nonholonomic constraints.

Because of the importance of treating the constraints accurately
and reliably in the simulation of MBD systems, several compu-
tational procedures have been proposed in the past two decades.
These include the singular decomposition technique by Walton and
Steeves,? the stabilization technique by Baumgarte,”3 the coordi-
nate partitioning technique by Wehage and Haug,’ the differential
algebraic approach by Gear'® and Petzold,!' the penalty method
by Orlendea et al.'> and Lotstedt,”® the penalty staggered stabi-
lized procedure by Park and Chiou,'* and the gradient feedback by
Yoon et al.'?

Among the techniques cited, Baumgarte’s technique’® is consid-
ered the most widely used technique for handling both holonomic
and nonholonomicconstraints. Baumgarte’s technique simply mod-
ified the original constraintequationsto form a set of relaxation dif-
ferential constraint equations to stabilize the constraint violations.
Note that his output-feedback-likecontrol scheme did not consider
the internal dynamics of the differential algebraic equations (DAE),
which may cause the overall system to become unstable. In this re-
gard, input-output feedback linearization is proposed to study the
internal dynamics of the DAE. Input-output feedback linearization
has been successfullyused to address some practical nonlinear con-
trol problems, including the control of high-performanceaircraft,'®
the control of robot arms with elastic joints,!” and the control of
constrained dynamic systems'® for over a decade. The central fea-
ture of this method is transformation of a set of nonlinear dynamic
equations into equivalentsystems of linear form so that linear con-
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trol design methods can be applied.!” In this paper, a new constraint
violation stabilization technique that is based on input-output feed-
back linearization and variable structure control design is reported.
The resulting constraint forces are capable of improving the con-
straint violation in comparison with Baumgarte’s constraint viola-
tion stabilization technique. The stability of the internal dynamics
of a general multibody system is discussed in the Appendix.

To this end, the paper is organized as follows. Section II presents
areview of the Lagrangian method for formulating the equations of
motion with constraints. Section III presents a review of the formu-
lation framework of input-output feedback linearizationand applies
this technique to transform DAEs into a set of linear equations. Sec-
tion IV presents different types of control strategies to obtain vari-
ous constraintforces. Finally, numerical experimentsare reportedin
Sec. V to illustratethe effectivenessof using the proposed technique
to stabilize the constraint violation.

II. Equations of Motion with Holonomic Constraints

The Lagrangian A method is the most populartechnique for deriv-
ing the equations of motion with constraints, including both con-
figuration (holonomic) and motion (nonholonomic) constraints. To
focus our subsequent discussion, we specialize the Lagrangian
equations of motion for mechanical systems with holonomic
constraints'4:

daL oL .
Ea—q—a—Q—FBk 1
@(q) =0 2)

where L is the system Lagrangian, ® are the constraint conditions,
q are the generalized coordinate components, A is the Lagrangian
multiplier, Q is the generalized applied force, and B € R” *" is the
Jacobian matrix of the constraint equations. Equations (1) and (2)
can be derived and given as follows:

(3)
)

where M € R" denotesthe mass matrix of the system and F' consists
of the applied force, the centrifugal and Coriolis acceleration, and
the internal spring force. Because the solution procedure of Eqs.
(3) and (4) suffers various drawbacks such as constraint violationin
the computerimplementation? researcherssuch as Baumgarte have
been motivated to look for alternative solution procedures that can
overcome these difficulties. In Baumgarte’s technique, one replaces
Eq. (4) with

MG+B"r=F

®(q) =0

b+ 200+ 20 =0 5)
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where

@ = Bg, ® = Bj+ Bg (6)
and where « and B are both positive real numbers. Substituting
Eq. (6)into Eq. (5) and replacing g from the equationsof motion, the
Lagrange multiplier for holonomic constraints yields the following
expression:

A= (BM'B"Y Y (BM™'F + B§ + 20 + B*®) (7)

The constraint forces in Eq. (7) are an output-feedback-like con-
trol technique. Notice that an output-feedbackcontrol scheme for a
dynamic system does not guarantee the stability of the overall sys-
tem if its internal dynamics (the unobservable part of its dynamics)
is unstable. Furthermore, internal stability of the constraint viola-
tion stabilization problem has not been taken into consideration by
Baumgarte.”® In this regard, we resolve this problem and propose
a new stabilization technique by using input-output feedback lin-
earization techniques.

III. Input-Output Feedback Linearization

Input-outputfeedbacklinearizationis a popularapproachto non-
linear control design that has attracted a great deal of interest in re-
cent years.'*~!° The central idea of this approachis to algebraically
transform a nonlinear dynamic system into a (fully or partially) lin-
ear one so that the linear control techniques can be applied. The
standard input-output feedback linearizationis given as follows.

Consider a single-inputkingle-output (SISO) nonlinear dynamic
system

i= f0)+ g, y = hx) ®)

where x € R" is the state variable, u € R! the control input, and
y € R! the system output. Differentiating the second part of Eq. (8)
with respect to time once, one obtains

_ Ok, _3h. 0k
y_axx_ax Bxg "
=L/h+L,h-u 9

where L ;h = (3h/dx) f and L,h = (0h/dx)g are called the direc-
tional (Lie) derivativesof & in the directionof f and g, respectively.
Furthermore, the directional derivative has the following property:

Lh =L (LA"'h) = L= (L,h) (10)

IfL,h #0 Vx € U,(xy), where U, (x) denotesaball withits center
located on xo with radius ¢, then let

2 = hx), w=(/Lm~Lh+v] (D)

and we obtain

Zl =V, };}=A(Z17 Y},V), y=2 (12)
where 7 is chosensuch that [z 577 is a diffeomorphism. (A func-
tionI" : R" — R",definedin aregion €2, is called a diffeomorphism
if it is smooth and if its inverse '~! exists and is smooth. A diffeo-
morphism can be used to transform a nonlinear system into another
linear or nonlinear system in terms of a new set of states, similar
to what is commonly done in the analysis of linear systems.) If
L,h = 0 forsome x € U, (x,), we differentiate Eq. (9) with respect
to time to obtain

d 0
y = —(Lh) = — (L h)x
y dt(j) Bx(f)x

a
= 8—X(th) -(f +guw)

Lih+ LoLh-u (13)

Again,if L,L;h # 0 Vx € U,(x,), then we set

z1 = h(x), =21 = th
| (14)
_ 2
u= T [-L2h +v]
From Eqs. (8-14), we conclude that
21 = 22, 22 =V
. (15)
n= Az, 22,n,v), y=21

where 7 is chosen such that [ZIT ZZT n"1" is a diffeomorphism. If
we continue the same process until LgL’}.h # 0 Vx € U, (xp), the
system equations become

21=2
2 =123
. (16)
Lk = Tk +1
Zky1 =V
=A@, ..., Z%k+1,1,V), y=z
where 7 is chosensuchthat[z] ... z{ , n"]" isadiffeomorphism.

We can apply these derivations to the MBD systems written in
terms of DAE as follows.

The equationsof motion of an MBD system with holonomic con-
straints are defined in Eqs. (3) and (4). If we define x = [¢7 ¢T]",
then Egs. (3) and (4) can be rewritten as

X =f(x)+gMx)n,

q On xXm (18)
F={mr | §=1 _ym-1p7
where 0, ., denotes the (n X m)-dimension zero matrix.

Applyingthe input-outputfeedbacklinearizationtechniquegiven
in Egs. (8-16), we obtain

y=h(x)= o) a7

where

0,5 m
Lghz[B 0m><n]'|:_M_lBTi| =0m><m (19)
L:h=[B 0 9 = Bgq 2
f _[ mxn]' M_IF = bq (0)
L,Lh=[B B O | _m1BT 21
eLh =1 I- _M-'BT | T

q

v
L2h=B B]~|:M_1F

} =Bj+BM™'F (22)

If BM~!'BT is nonsingular, we conclude that

7 =h(x) =y, Zz=th=Bq
(23)

A= (LL;)™ (—L% +v) = (BM~'B")"'(B4 + BM~'F — v)
which implies that
1= Az1,22,1, V), y=z (24

21 = 2o, 3=,

When this input-output feedback linearization technique is ap-
plied to DAE, the overall systemin Eq. (17) can be divided into two

subsystems.
Subsystem I:
1 = 22, L=V (25)
Subsystem II:
n=A(z,22,1,v) (26)
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Note that the variation of subsystem II does not influence subsys-
tem 1. Therefore, if the zero dynamics (defined to be the internal
dynamics of the dynamic system when the system output is kept at
zero by the input) of subsystem II is stable, i.e.,

n=~20,,0,,1,0,) 27

is stable (see Appendix), then the DAE given in Egs. (3) and (4) can
be reduced to finding a control law to stabilize the linear subsystem
I,ie.,

21 = 22, =V
or
z=Gz+ Hv (28)
where
0, m  Linxm 0, m
2[2} GZ[O 0} HZ[I}

(29)

Because matrices G and H are controllable, the control objective
of Eq. (28) can be achieved by developing suitable control inputs.
The next section discusses several control techniques for a typical
regulation problem that is governed by Eq. (28).

IV. Control Strategy
There are many linear control techniquesbased on the state-space
representation that have been proposed over the last 30 years. The
most commonly used techniques are the pole placement technique
and the variable structure control (VSC) technique.19 We will dis-
cuss these two control techniques and compare their effectiveness
in stabilizing constraint violation by using a numerical example.

A. Pole Placement Technique

The most commonly used technique for a linear control problem
is the pole placement technique. In the pole placement technique,
the control input is regarded as a linear combination of the states,
ie.,

v=—Kz (30)
The closed-loop system is represented by
1=(G - HK)z (31

The objective of this control strategy is to find the feedback matrix
K such that the real parts of the eigenvalues of (G — HK) are all
negative. If we choose a special form of K as [k, x.,, koL, xmls
where &k, k, > 0, then

det[sI — (G — HK)] = (s> + kys + k)" (32)

where det() denotes the determinant of a matrix. Because ki,
k, > 0, the real part of the eigenvalues of (G — HK) are all neg-
ative. Therefore, if we choose

v=—kiz, — k2, (33)

from Eq. (23), the corresponding Lagrange multiplier is given by
A= BM'B")Y (BM™'F + Bj + ky® + k; D) (34)
which is referred to as Baumgarte’s constraint violation technique.

B. VSC

VSCis a variablehigh-speedswitching feedback control,e.g., the
gains in each feedback path switch between two values according
to some rules, based on bang-bang control theory. Essentially, VSC
utilizes a high-speedcontrollaw to drive the plant’s state trajectories
ontoauser-chosensurface (called the slidingor switchingsurface) in

state space and to maintain the plant’s trajectories on this surface for
all subsequent time. The system dynamics restricted to this surface
represents the controlled system’s behavior. By proper design of the
sliding surface, VSC can be used to attain control objectives such
as stabilization, regulation, tracking, and so on.!?~2!

There are two major steps in designing a variable structure con-
troller. The first step is choosing the sliding surface such that the
goal of control is achieved, and the second step is designing the
control algorithm such that the reaching and sliding conditions are
guaranteed. To start with these procedures, we define ® = & — @,
to be the constrainterror vectorandset ® = [¢; ¢, --- ¢,]17.The
problemof stabilizing the constraintviolationis equivalentto track-
ing &, = 0, which yields ® = & = 0. Let us define a time-varying
surface in the state space by the scalar equation

si(¢i, 1) =0 (35)
where
d n
Si(¢i 1) = (E + Ci) - i (36)
In vector form
s(®, 1) = (% + C) -d 37)

wheres = [s; s, --- s,]7 and ¢; are strictly positive constants for

alli.

The problem of tracking i =¢;=01is equivalent to that of re-
mainingon the surfaces; (¢;, t) = 0forallr > 0;indeed,s; (¢;, 1) =0
represents a linear differential equation whose unique solution is
¢; = 0. Thus, the problem of tracking the constrainterror vector can
be reducedto that of keepingthe quantity s; atzero foralli (Ref. 19).

Equation (35) can be easily achieved by choosing the control law
v such that

lim s;8; < 0, Vi=1,...,m (38)

5i—>0

This equation is known as the reaching and sliding condition. In
Eq. (36), if we choosen = 1, the sliding surface is

s=d>+Cd>=z;+Czl (39)

For simplicity, we choose C as ¢ - I, , ,, i.e., ¢; = ¢ for all i, and
then Eq. (37) becomes

S=d>+€q)=Zz+C21 (40)

To satisfy the reaching and sliding condition (38), a possible control
law is

V=—cd—W-s 41
where W is a user-chosen positive definite matrix. Substituting
Eq. (41) into Eq. (23), the Lagrange multiplier in this development
is given by

A=BM B ' BM'F+Bi+cd+W-s5) (42)

A similar result could be obtained by using the integral control,

i.e., the integral term
t
/ O (r)dr
0

as the variable of interest. Then the sliding surface can be chosen as
. t
s=d>+2€~d>+cz~/ d(r)dr (43)
0

To reach the sliding condition (38), a possible control law can be
derived in the following expression:

A=(BM'B"Y" Y (BM™'F + B§ +2cd+ 0+ W-s5) (44)
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Note that Eq. (34) is a special case of Eq. (44) with W = 0,,, ., and
that Eq. (42) is also a special form of Eq. (44) with the coefficient
of the ® term vanished.

C. Modified VSC (MVSC) Technique

One can imagine that, if the variable ¢ in Eq. (44) is not a con-
stant but a time-dependent function varied with the constraints ®,
the control term will vanish faster when ® goes to zero. This idea
motivates us to find an appropriate criterion for choosing the time-
varying variablec(t). A simpleideais to choosec(t) as || ®||, (where
[|®], is the 2-norm of ®). The corresponding Lagrange multiplier
is given by

A= (BM~'B")"'(BM~'F + Bg
+20|®l® + (P3P + W -5) (45)

Another criterion for choosing ¢(#) is proposed by using the VSC
technique. The idea is that the control terms 2c¢® + 2® + W - s
must vanish as soon as the plant’s trajectory approaches the sliding
surface defined in Eq. (43). In other words, if c(f) = ||s||, is chosen,
the corresponding Lagrange multiplier is given by

A= BM B (BMT'F + Bg+2|s|,®+ [s|30+W - s)
(46)

In the nextsection, two numerical examples are used to illustrate the
effectiveness of stabilizing the constraint violation by using Baum-
garte’s technique and the proposed techniques.

V. Numerical Examples
A. Single-Pendulum Problem
The example is a classical single-pendulumproblem whose gov-
erning equations of motions are characterized by the following ma-
trices and constraints [see Egs. (3) and (4) for their definitions]:

m 0 0
x —1lcosf
y —1sinf
L0 0 J
(47)
- . 0
1 0 Isin®
B = , F=|—-mg
0 1 —lcosh
- 0
The initial conditions for two different cases are as follows.
Case 1:
x(0) =1, 0) =0, 00)=0
.( ) y.( ) .( ) 43)
x(0) =0, y(0) =0, 6(0)=0
Case 2:
x(0) =1, 0) =0, 0(0) =0
. ) .y( ) .( ) 49)
x(0) =0, y(0) = -2, 6(0) = -2

The Adams-Bashforth third-order (AB-3) integration method is
used in the simulations with step size 7 = 0.01 s. The starting proce-
dure of AB-3 is resolved by using Runge-Kutta fourth-order(RK-4)
integration.”® Figures 1 and 2 show the numerical performances of
three techniques: 1) the original system without control, 2) Baum-
garte’s technique [Eq. (34)], and 3) MVSC techniques [Eq. (46)].
We have conducted simulations with different values of constants
that are required in Baumgarte’s technique and the MVSC tech-
nique. The best choice was found to be k; =2500 and k, = 100
for Baumgarte’s technique and ¢ =200, W = 10 x I for the MVSC
technique. In case 1, Fig. 1 shows that the 2-norm of the constraint
error by using the MVSC technique is about 10 times better than
using Baumgarte’s technique. In case 2, Fig. 2 shows that the 2-
norm of the constrainterror by using the MVSC techniqueis still 10
times better than Baumgarte’s technique, and the transient behavior
experienced a shorter rising time.

without stabilization

Baumgarte

constraint error
N
(@]
T

time

Fig.1 Constraint errors 2-norm for case 1.

ithout stabilization

Baumgarte

constraint error

time

Fig.2 Constraint errors 2-norm for case 2.

Fig.3 Crank-slider problem.

B. Crank-Mechanism Problem

The second example is a classical crank mechanism (Fig. 3),
whose governing equations of motion are characterized by the fol-
lowing matrices and constraints:

Ji

(50)
rcosf — (x — Iy cos¢)
® =1 rsinf —(y —I;sing) 3 =0
(I —1)sing +y

g=1[0 ¢ x yI, F={0 0 0 —mg}" (51)
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Fig.4 Plotof 6 and ¢ vs time.
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Fig. 5 Plotof x and y vs time.
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Fig. 6 Constraint errors 2-norm for crank mechanism.

The parameters for the present simulation are J; =0.045, J, =

33/4800, m=1, r =0.3, [ =0.5, and /; =0.3. The initial condi-
tions are

6(0) = 0.9851, ¢ (0) = —0.5236, x(0) = 0.4256
y(0) = 0.1, 6(0)=m/5  $(0) =—0.240628 (52)
x(0) = —0.193174, y(0) =0.041678
Note that the coefficients that are needed in both Baumgarte’s
and the MVSC techniques are the same as those given in the first

example. The performance of Baumgarte’s technique and that of
MVSC for this problem are presented in Figs. 4 and 5. We find

that the constraint errors by using the MVSC technique are about
two orders of magnitude better than with Baumgarte’s technique, as
shown in Fig. 6.

From the preceding two example problems, we concluded that
the MVSC technique gives a more efficient constraint violation sta-
bilization than Baumgarte’s technique.

VI. Conclusion

We have presented an input-output feedback linearization tech-
nique to transform the nonlinear DAE into a set of linear equations.
On reaching the input-output linear relationship with proven stable
zero dynamics, the pole placement technique and the VSC tech-
nique were applied to the linear system. The former technique led
to Baumgarte’s technique, whereas the latter technique yielded a
new technique for calculating the constraint forces.

From the preliminary numerical experiments reported in Sec. V,
we conclude that the proposed technique corrects the constraint
violation not only with stability but also with efficiency.

Appendix: Zero Dynamics of DAE
General MBD System
By lettingx = [¢7 ¢”], the DAE form for a general MBD system
given in Egs. (3) and (4) can be written as

X =fx)+ g, y=hx)=0=z (A1)

where

Fo) = [M_qu]

To obtain the unobservable part of the dynamics described by
Eq. (27), the nonlinear coordinates transformation technique de-
veloped by Isidori?? is introduced. As developed by Isidori, the
unobservable states 1 can be obtained by a standard procedure
to make [z] zI 5”]" a diffeomorphism if the distribution A =
span{g, --- g,} is involutive (Ref. 22 gives a detailed description),

where
0
5= M-pr

and bT is the ith column of Jacobian matrix BT.
Proposition 1: The distribution A = span{g; ... g,} is involu-

tive.
0
= M-1pr

Proof: Because
thus [3(M ~'b7)/3g] = 0 forall 1 < i < m. The Lie bracket of g
and g; is derived as follows:

Onxm
gx) = [_M_IBT} (A2)

dg; dg:
[gi, g1 = %gi - 8—igj
0 0 o
= ar) s ||, 5]
g g '
0 0 o
— | a(m'pT) Ba(M-'bT) [M_lbr}
3q 0 | ’
0 0 0
= 8(M_lb/T) 0 |:M_1bl.T
aq -
0 0 o
—| a(m~'p]) [M_lbr}
aq !
=0 (A3)
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The zero Lie bracket derived in Eq. (A3) implies

rank([g(x) --- gu(x)] = rank[g;(x) --- gn(¥) [& &;1(X)]
(Ad)

forall x and 1 <i, j <m. Hence, the distribution A = span {g; - -
g} is involutive. QED

Proposition 2: If n=[nT 51", there exist n; =A"Mq and
n,=¢q' suchthat Lyn; =0, L,n, =0in which A is a null matrix of
B and ¢' is the vector that contains the chosen independent coordi-
nates of the system.

Proof:
om I(A"Mq)
Lem = Sr8 ==y ¢
_la@a™™g)  a(ATMG) 0
"L ag 94 M~ BT
yAMqg) 0 -
Z[T AMI| oipr |=A'B =0 (A5)
PO U VA LV VR
= 8T 98T | 9g 9g || (M4BT

aq' 0
e

QED

From the theorems proposed by Isidori??> and from propositions 1

and 2, we concludethat © (x) =[h7(x) (L;h)7(x) nT(x) nix)]”

is a diffeomorphism. To derive the zero dynamics of DAE, the input
v has to be kept zero. This condition implies that

u=90=0, =0=0 (A7)
According to proposition 2, we have
m=A"Mg=A"MAG' (A8)

which gives the following expression:
' = (A"MA)"', (A9)

Differentiating n, and n, once with respect to time, we obtain

. d . . . .
M E(ATMq) = A"Mq + A" M

=ATMAG + AT(F —B"A\) = A"TMAG' + ATF

= ATMAATMA) 'y, + ATF (A10)

m=q =(ATMA)'p, (A1D)

Equations (A10) and (A11) are the state-spacerepresentationof the
following second-orderdifferential equation (ODE):

ATMAG + ATMAG = ATF (A12)

which represents an underlying ODE of Eqs. (3) and (4) (Ref. 23).
Thus, we conclude that the zero dynamics of DAE and the ODE of
the MBD systems are equivalent. If the ODE of the MBD system s
stable, the output-feedback-likescheme is also stable. Note that the
null matrix A can be representedas a function of independentcoor-
dinates if the MBD system is an open-chain system? (such as the
single-pendulumproblem). On the other hand, A must be calculated
numerically when a closed-chain MBD system (such as the crank-
mechanism problem) is studied. Next, we derive the zero dynamics
of DAE for a single-pendulum problem by using proposition 2.

Single-Pendulum Problem
Following the input-output feedback linearization procedures
given in Egs. (9-16), we obtain

z1=x —lcos0, 3=y —1lsinf

. (A13)
74 =y —10cosb

73 =X +16 sin@,
To eliminate A, it is necessary to find 1, and 7, and to force
Lim=Lgp=0 (A14)
Because the null matrix of B is
A=[—-Isin® Ilcos® 11"
the internal states 7, and 7, can be obtained by using proposition2:
m = —mxlsing +mylcosd + Jo, m=0  (Al5)

The Jacobian matrix of Eqs. (A13) and (A15) is given as

0z
ax
[1 0 Isin® 0 0 0 |
0 1 —lsinf 0 0 0
00 lcosB -6 1 0 [sinf
00 Isinf -6 0 1 —lcos0
0 0 —mxlcos® —mylsin® —mlsind mlcos6 J
|00 1 0 0 0 |
(A16)

where z=1[z, 22 23 z4 m n2]", which is nonsingular for all x.
Thus, we conclude that Egs. (A13) and (Al5) are a globally
nonlinear coordinates transformation of Eq. (A1). Differentiating
Eq. (A15) once with respect to time, we get
0 = —mx6lcosd —my6lsin®—mgl cosb, m=6 (Al7)

The zero dynamics of Eq. (A17) is obtained by setting z; = z, =
73 =24 =0,1e.,

x =lcosb, y =1Isinf

. . (A18)
X = —lsin6 -6, y=1cos6 -6
Substituting Eq. (A8) into Eq. (A5), we obtain
n = —mxlsin0 4+ JO + myl cosO

=ml®sin0 -0 + JO +ml*cos’ 6 - 0

(ml*+ )6 (A19)

By time differentiation of Eq. (A15) and use of Egs. (A1), (A18),
and (A19), the zero dynamics of the DAE for a single-pendulum
problem yields

i = mlsin® -6 -1cos® —mlcos6 -6 -1sind — mgl cos6

= —mglcos® = —mglcosn, (A20)
. ; N1
= 9 o —
» ml + J
which recovers the ODE form of a single-pendulumsystem. There-
fore, we conclude that the zero dynamics of DAE form of a single-
pendulum system is stable.
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